We report on investigations that illustrate the interaction between the specific immune system and a young avascular tumor growing due to a diffusive nutrient supply. We formulate a hybrid cellular automata-partial differential equation (CA-PDE) model which includes cell cycle dynamics and allows for tracking the spatial and temporal evolution of this elaborate biological system. We present results of two dimensional numerical simulations that, specifically in this work, include special cases of the spherical and papillary tumor growth, the infiltration of immune system cells into the tumor and the escape of tumor cells from the regime of the immune cells.
Introduction and Background
Development of a tumor can be seen as a progressive multistep transformation process that incorporates biological changes happening at different spatial and temporal scales. Human immune system is capable of killing tumor cells. When the immune system is activated various pathways inhibit its action, thus mutated and potentially cancerous cells escapes the screening by the immune system. This facilitate the proliferation of tumor cells. In immune therapy the basic aim is to enhance the activity of the immune system by introducing antibodies to the targeted tumor area.
The tumor growth and the coupling to the immune system form a highly complex not yet understood system. In the early avascular stage the tumor receives nutrients (such as glucose and oxygen) by diffusion from distant blood vessels. In the vascular stage the tumor has triggered the growth of vessels in order to improve its nutrient supply. Finally, parts of the tumor separate from the main bulk leading to metastases.
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The design of the immune system ensures that its specific components have the ability of detecting and destroying entities which are foreign to the body. In this investigation we restrict our self to the cytotoxic T lymphocytes (CTL) of the specific immune system neglecting other immune system components such as natural killer cells of the innate immune system, macrophages and others. CTLs are able to induce apoptosis or lysis to cells presenting specific antigen, such as tumor cells. In addition, a single CTL cell is able to destroy more than one tumor cell while moving in search of antigen presenting tumor cells [1] .
Mathematical models of tumor growth and the dynamics of the immune system provide a framework to analyze this biological system. Broadly speaking, depending on the spacial scale there are two classes of mathematical models for the growth of avascular tumors. In the first class tumor cell densities are investigated at macroscopic scale by continuum models describing the temporal evolution at different locations through proliferation, migration, diffusion and other processes. The tumor growth is investigated by systems of partial differential equations (PDE), reaction-diffusion equation, coupled to the availability of nutrients in the surrounding tissue.
The second class works at sub-cellular or cellular scales and elucidates on the evolution of each discrete tumor cell based its biological functions and activities like, cell cycle process, chomotaxis, haptotaxis. Modelling of cell interactions can range from deterministic forces to stochastic movements the framework of cellular automata (CA). A cellular automaton consists of spatial geometrical cells (voxels), each voxel can contain a certain discrete number of biological tumor cells.
The most frequently used mathematical models of the interactions between lymphocytes, and tumor cells are ordinary differential equations (ODEs). In the majority these models tumor immune system interactions are fully deterministic focussing. An review of mathematical models of tumor growth and models of immunology can be found in [2] and [3] , respectively.
In this paper we investigate the oxygen (as a nutrient) limited growth of a young avascular tumor dynamically coupled to the immune system. We extend a previously developed hybrid CA-PDE model [5] which include cell cycle dynamics and stochastic interactions between individual tumor cells towards immune therapy coupled to CTL specific immune cells.
Model formulation
We model the system of tumor, CTL cells and nutrient species on a dimensional spatial square domain with the edge length with periodic boundary conditions. Although all equations are formulated in dimensions, the numerical results in this paper are obtained in = 2. The domain is divided in a regular grid of geometric cells (called voxels) with spatial positions denoted by and with the edge length Δ in such a way that each voxel is capable of housing a maximum number of biological cells defined by the carrying capacity . The temporal evolution is determined by the time scale of tumor cell movements. Thus, in every time step Δ the numerical solution is a subsequent application of oxygen distribution, tumor proliferation and spatial growth, and tumor-immune cell interaction operators.
Oxygen supply
We employ a reaction-diffusion equation, commonly used for the mathematical treatment of nutrient species, to model the distribution of oxygen ( , ) supply necessary for cell survival:
where is the oxygen diffusion coefficient, the oxygen uptake rate by the tumor and Δ the Laplacian operator. We assume and to be constant. As we model early avascular tumor the Dirichlet boundary conditions reflect a spherically symmetric tumor: −9 cm 2 /s = 3, 15mm 2 /a [7] .
Thus, within a simulation time step Δ used for tumor dynamics the oxygen distribution can be assumed to be in an equilibrium. On the other hand, for the calculation of the oxygen equilibrium distribution the tumor, i.e. , can be regarded as a spatial static and constant object. Please note that is not fixed but will be recalculated in subsequent time steps, i.e. ( ) ̸ = ( +Δ ) which represents a coupling of oxygen to the spatio-temporal tumor evolution. Using this separation of time scales we seek for the stationary solution, i.e. ( , )/ = 0, of Eq. (1). In = 2 we find (compare [4] for = 3):
where 0 is the modified Bessel function of the first kind and = √︁ the oxygen diffusion length. To speedup numerical
Tumor cells
In extension to [5] we model tumor proliferation by stochastic cell-cycle dynamics coupled to a random walk process. The basic idea is that biological tumor cells obeying the cell cycle visit the proliferation phases G1, S, G2, M and G0 (quiescent). Firstly, we specify rules for tumor cell ensembles within the cell cycle located in an arbitrary voxel. The probability for a particular cell to reach the end of current phase is governed by an exponential decay = Δ / , where is the duration of cell phase . Therefore, the probability ( ) for cells being in the same phase to reach the end of that phase undergoes a binomial distribution
where is the total number of cells in phase . The actual proliferation in the cell cycle occurs at the end of phase M when a new cell is created with the probability 1 − ( ∑︀ / ).
Mitotic tumor cells divide and die with probabilities depending on the local oxygen level. If a cell is in the mitosis, its daughter and the mother cell itself will change either into G1 (proliferation) or in case of hypoxia into G0. If later in time the conditions become normoxic tumor cells will re-enter the cell cycle and become proliferative. In case of hypoxia, however, cells will become necrotic and will be removed after a lysis time. The transition probabilities ( ) for phase transition can be modeled by a proper sigmoid-like function. For better numerical performance we approximate a sigmoid function by the piece-wise linear function (
where and are parameters representing the saturation and the hypoxic threshold values. Thus, transitions M->G1 and G0->G1 occur with ( ) while M->G0 and G0->N happen with 1 − ( ). Secondly, to model the diffusive spatial tumor evolution we implement a random walk on the lattice in the following manner. The probability for a particular cell being in phase to remain in the voxel is or to move to voxel at are:
is the diffusion constant of a tumor cell in a phase . Consequently, the probability of 0 cells to remain in the currently occupied voxel and cells to move to the voxel at position obey a multinomial distribution:
Tumor-immune system interaction
We investigate the specific immune system only and assume CTLs to be guided to the tumor cell location by some external sources. When located nearby tumor cells CTLs intend to randomly lyse them. Vice versa, CTLs are then assigned to either die or to migrate to another location to search and lyse other tumor cells. Unlike tumor cells, proliferation of CTLs is not controlled by means of a cell cycle process in this study. Instead, provided a sufficient oxygen supply CTLs undergo mitosis after an elapsed cell cycle time, which value is equal to that of tumor cells. We consider immune cells not to consume any nutrient. Like tumor cells, CTLs migrate on the lattice by the same diffusion process which, however, is governed by a T cell specific diffusion coefficient.
Every CA voxel is sampled for the number of T cells which will be used to facilitate so called satellitosis, i.e. CTLs to surround tumor cells undergoing apoptosis. We are not considering neighboring voxels because the tumor cell number in a voxel is usually much higher than one (as used in agent models). An active CTL cell posses an effectiveness to lyse tumor cells in phase , i.e. an interaction strength ≥ 1. This mechanism models the ability of one CTL to lyse more than one tumor cells. After tumor cells distortion the CTL's interaction strength is reduced by the number destroyed tumor cells, at minimum = 0. In this study we apply this ability within the particular spatial voxel only, i.e. a CTL cell is not migrating to another voxel as long as some tumor cells are occupying this lattice position. A active immune cell that cannot find tumor cells at its current position move, like tumor cells, on the lattice domain by diffusion characterized by the diffusion coefficient . Although different interaction strength values can be assigned to the cycle phases (G1,S,G2,M), in this work we restrict our self to one value for all proliferating phases, i.e. = . Consequently, the change of the number of tumor cells in a specific phase and necrotic cells in a lattice site is:˙= − min( , ) and˙= + min( ,
T cells undergo apoptosis and are removed from the ensemble when their interaction strength drops to zero. Note that this deterministic interaction can be extended to a probabilistic rule, e.g. by specify a T cell number dependent probability.
Computational Results
We present results of numerical computations in = 2 dimensions on a = 100mm lattice where we specifically set the edge length a geometric cell (voxel) to Δ = 1mm and assumed the cell radius to be = 7, 5 m [7] . The maximum number of biological cells in this geometrical voxel, i.e. the carrying capacity is = 6832 cells. Initially, tumor cells are located in the central voxel and distributed in the proliferating phases: (G1,S,G2,M)=(0.42,0.39,0.17,0.02). The tumor cell diffusion coefficients in proliferating phases is set to = 100mm 2 /a. Quiescent and necrotic cells do not move. The oxygen diffusion length = 5mm is selected chosen assuming uptake rate to be = 0.001 . . . 0.1min −1 [6] .
The tumor cell cycle lasts = 36h while the natural necrosis (G0->N) occurs after 25h. We set the time to lyse necrotic cells to = ∞ to make necrotic cells visible in figures. Figure 1 displays the evolution of the tumor cells and its spatial distribution at different time points when the tumor is allowed to grow while the immune system is switched off. The shape of the tumor is roughly circular with an increasing radius following the sources of the oxygen (nutrient). At tumor periphery higher cell densities are observed which surrounds a necrotic core. In this simulation the oxygen diffusion length is set low, i.e. the uptake rate high, to demonstrate the development of papillary branches, which can be clearly ob- 
Discussion and Conclusion
In agreement with observations, the tumor develops a necrotic core surrounded by a rim of quiescent and proliferating cells. In areas of low cell concentrations the tumor forms bifurcations leading to papillary branches similar to clover leafs, which depend on the diffusion length , i.e. the oxygen uptake rate. Low uptake rates provoke compact morphology, in qualitative agreement with other findings [7] . T herefore, despite of the model, papillary branches can be tracked back to decoupled stationary solutions of the oxygen field.
Simulations indicate that increasing T cells interaction strength and ability to migrate in order to hit tumor cells may lead to greater reduction of tumor volume but potentially not overall extension. In fact, tumour cells can circumvent T cells and further penetrate local tissue. Eventually, the distribution of CTLs, the interaction strength and other parameters are not sufficient t o d estroy t he t umor, w hich w ill b e r eported i n an investigation.
In conclusion we have presented the analysis of a midcomplex hybrid CA-PDE model of avascular tumor growth coupled to the specific i mmune s ystem. T he r esults provide some new perceptions on the dynamics and interactions in a young avascular tumor.
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